We consider the ground state of supermembrane on the maximally supersymmetric pp-wave background by using the quantum-mechanical procedure of de Wit-Hoppe-Nicolai. In the ppwave case the ground state has non-trivial structure even in the zero-mode Hamiltonian, which is identical with that of superparticles on the pp-wave and resembles supersymmetric harmonic oscillators. The supergravity multiplet in the flat case comes to split with a certain energy difference. We explicitly construct the unique supersymmetric ground-state wave function of the zero-mode Hamiltonian, which is obviously normalizable. Moreover, we discuss the nonzero-mode Hamiltonian and construct an example for the ground-state wave function with a truncation of the variables. This special solution seems non-normalizable but its L 2 -norm can be represented by an asymptotic series.
Introduction
Recently, strings and M-theory on the pp-wave have been greatly focused on. The maximally supersymmetric pp-wave background in eleven dimensions [1] (KG solution) is one of the candidates for M-theory background. This background is achieved from the geometry of AdS 4 × S 7 or AdS 7 × S 4 [2] via the Penrose limit [3] . Similarly, the maximally supersymmetric type IIB pp-wave background was found [4] , on which the string theory is exactly solvable [5, 6, 7] . Moreover, this string theory was used in the context of the AdS/CFT correspondence between the string spectra and the operators in Yang-Mills side [8] .
Furthermore, the matrix model on the pp-wave was proposed in Ref. [8] . Originally, its action is obtained from the study of superparticles. In the flat space, the supermembrane theory [9, 10, 11] leads to the matrix model through the matrix regularization [11] , which is considered as a candidate for M-theory [12] . Following the same procedure, the matrix model on the pp-wave can be also obtained from the supermembrane [13] . It was also shown that the superalgebra of the matrix model agrees with that of the supermembrane [14] as in the flat case [15] .
In our previous works, we studied the supermembrane on the pp-wave from several aspects.
In Ref. [16] we investigated BPS conditions of the supermembrane. The BPS states in the matrix model on the pp-wave have been intensively studied [17] . It was also shown in Ref. [8] that the giant graviton as a classical solution can exist due to the presence of the constant R-R flux [18] . Then, in particular, we showed the quantum stability of the giant graviton (supersymmetric fuzzy sphere solution) and instability of the non-supersymmetric fuzzy sphere solution in Ref. [19] . As well as by our work, the classical solutions in the matrix model have been widely investigated [20] . Moreover, in Ref. [21] we also derived the less supersymmetric background with 24 supercharges from the KG solution and studied the type IIA string from the supergravity analysis and the double dimensional reduction [22] . Furthermore, we also investigated matrix string theories. The supersymmetries of the above type IIA string were initially discussed in [23] .
In this paper we will continue to study the supermembrane on the pp-wave and consider the ground-state wave function of the supermembrane on the pp-wave by the use of the quantummechanical procedure of de Wit-Hoppe-Nicolai [11] . It is well-known that a single supermembrane in the flat space is unstable [24] . This instability is inherently based on the continuous spectrum of this system. However, the action of the supermembrane (or matrix model) on the pp-wave contains the bosonic and the fermionic mass terms and the Myers term, and hence it would be possible to expect that the spectrum of the system might be discrete or that a single supermembrane might be stabilized. Thus, it would be very interesting to study the ground state or spectrum of this system. To accomplish this, the complex-spinor notation (Spin(7) × U(1) formalism) will be introduced. We calculate the superalgebra of complex supercharges. Then, we will investigate the zero-mode Hamiltonian of the system, whose spectrum is non-trivial in contrast to the flat case. This system is identical with the abelian matrix model describing the motion of superparticles on the pp-wave. The Hamiltonian resembles the supersymmetric harmonic oscillator but the supercharges do not commute with the Hamiltonian. The supergravity multiplet 128 (boson) + 128 (fermion) in the flat space comes to split non-trivially.
As a result, a unique supersymmetric ground state is left, and all the other states are lifted up.
Also, we show that the zero-mode Hamiltonian is positive definite and explicitly construct the ground-state wave function for the zero-mode Hamiltonian. It is represented by the product of the ground states of the bosonic harmonic oscillators and the fermionic variables. For this ground state, both the orbital and the spin angular momenta of SO(3) × SO(6) vanish.
Furthermore, we investigate the nonzero-mode Hamiltonian and its ground-state wave function. For example, by truncating the variables, the supersymmetric ground-state wave function is explicitly constructed in the SU(2) matrix model case. This ground state seems non-normalizable, but its L 2 -norm can be represented by an asymptotic series with respect to 1/µ 3 .
The zeroth order term corresponds to the kinematical contribution to the ground state, while the corrections with the powers of 1/µ 3 are related to the dynamical contributions arising from non-diagonal elements of matrix variables. In the IR region, the matrix variables are restricted to the abelian part. From these considerations, it might be understood that the dynamical effect tends to spoil down the normalizability of the zero-mode ground state as the system flows from the IR region to the UV one, at least in our example.
This paper is organized as follows. In section 2 we introduce the complex-spinor notation by following the quantum-mechanical procedure of de Wit-Hoppe-Nicolai. Section 3 is devoted to the study of the zero-mode Hamiltonian of the system. We can obtain the spectrum, and construct the unique supersymmetric ground state. Also, the positive definiteness of the zero-mode
Hamiltonian is shown. In section 4 we discuss the nonzero-mode Hamiltonian and construct an example of the ground-state wave function with the truncation of the variables in N = 2 case.
Its L 2 -norm can be represented by an asymptotic series. Section 5 is devoted to conclusions and discussions. In appendix, we discuss that the ground state of the zero-mode Hamiltonian is an SO(3) × SO(6) singlet.
Supercharges and Superalgebra
In this section, we shall start with our setup and introduce the complex-spinor notation (Spin(7) × U(1) formalism), which is convenient to study the ground state in later sections.
We will also obtain the complex representation of the superalgebra.
Setup
The Lagrangian of the supermembrane on the KG background in the light-cone gauge is written in terms of an SO(9) spinor ψ as
Here "τ " is the time coordinate on the worldvolume and { , } is Lie bracket given using an arbitrary function w(σ) of worldvolume spatial coordinates σ a (a = 1, 2)
with ∂ a ≡ ∂ ∂σ a . Also this theory has large residual gauge symmetry called the area-preserving diffeomorphism (APD) and the covariant derivative for this gauge symmetry is defined by a gauge connection ω
2)
The original symmetries cannot be manifestly seen in the light-cone gauge, but the Lagrangian (2.1) still has residual supersymmetries,
These transformation rules are 16 linearly-realized supersymmetries on the maximally supersymmetric pp-wave. In taking the limit µ → 0, we recover the supersymmetry transformations in the flat space. In the context of the eleven-dimensional supersymmetries, these correspond to the dynamical supersymmetries. The Lagrangian (2.1) has another 16 nonlinearly realized supersymmetries,
which correspond to the kinematical supersymmetries in the eleven-dimensional theory.
In our previous work [14] , we derived the supercharges and superalgebra of the supermembrane theory on the pp-wave background using the SO(9) formalism. The supercharges Q + for the dynamical supersymmetries and Q − for the kinematical supersymmetries are obtained as
Noether charges 6) where ψ 0 is the zero-mode of ψ and we used the normalization with d 2 σ w(σ) = 1.
By the use of the Dirac brackets,
the superalgebra can be calculated and we obtain the following results
γ 123 τ αβ (2.10)
where we omitted the central charges since these are not discussed in this paper. Here ϕ describes the constraint condition,
The P r ≡ wD τ X r and S α = iwψ
The zero-modes of P r (≡ wD τ X r ) and X r are written by
Also, the Hamiltonian H is given by
In the next section, we will introduce the complex spinor notation in order to study the groundstate wave function.
Spin(7) × U(1) Formalism
Here we shall introduce the Spin(7) × U(1) formalism following Ref. [11] . Hereafter, we use the decomposition of the SO(9) gamma matrices into the SO(7) ones as follows:
21)
The above SO (7) gamma matrices satisfy the following relations:
To begin, let us decompose the real 16-component SO(9) spinor into two real 8-component spinors ψ (+) and ψ (−) , which are eigenspinors for the chirality matrix γ 9 defined by
In this time we can express eigenspinors as ψ
Here, we shall introduce a complex spinor λ defined by
that is, we express the real 16-component SO (9) spinor as a single 8-component complex spinor λ. This complex spinor is linearly-realized under the SO(7) × U(1) transformation, which is the subgroup of the original SO(9). The following expression
is also useful for rewriting the supercharges.
The bosonic coordinates X 8 and X 9 are combined into a complex coordinate
which transforms linearly under the U(1) subgroup. The canonical momentum for Z is given
By the standard procedure, the Dirac brackets for these variables are given by
Next, let us rewrite the supercharge Q + in terms of the complex spinor λ. We decompose the supercharge Q + into (Q + ) (±) as
and define the complex supercharge Q by
Thus, after straightforward calculation, we can obtain the expression of the complex supercharge
and its complex conjugate is given by
The superalgebra of these complex supercharges is computed as follows: 
38)
In the above superalgebra, the Hamiltonian H is given by
The constraint condition is also expressed by
When we contract the spinor indices α and β, the Hamiltonian is represented with the above supercharges as
Now, we shall move to a matrix representation by replacing the variables with matrices, according to:
In this case, the Hamiltonian is rewritten into
where the canonical momenta are redefined by
44)
Also, the U(N) generators T A (A = 0, 1, . . . , N 2 − 1) satisfy the following relations:
where the structure constant f ABC is a completely antisymmetric tensor satisfying f 0AB = 0. Now, the Dirac brackets are replaced with the following (anti-)commutation relations
Therefore, we can represent the conjugate momenta by differential operators
(2.48) * We assume that the topology of the membrane is sphere.
Then we obtain the following expressions for supercharges as
In this representation, the superalgebra becomes
52)
where the zero-modes of angular momenta are represented by
54)
55)
57)
and the constraint condition ϕ A is expressed by
It is assumed that physical states should satisfy the constraint condition i.e., ϕΨ phys = 0. Our purpose is to study the ground state. Thus, we shall also restrict ourselves to the SO(3)×SO (6) singlet satisfying
since the ground state should have no angular momenta. The discussion on the states with nonzero angular momenta would be also possible, but we do not consider them in this paper.
Furthermore, the associated Hamiltonian is written down as
Hereafter, by the use of the supercharges, the Hamiltonian, the angular momenta and the constraint condition, we will study the ground-state wave function analytically.
Supersymmetric Quantum Mechanics of Zero-mode Hamiltonian
In this section, we shall consider the zero-mode ground-state wave function. We can extract the zero-mode part of the dynamical supercharges and the results are given by
and
The zero-mode Hamiltonian H (0) is obtained as
where we defined the bosonic and fermionic Hamiltonians H
B and H
F by
It is noted that the fermionic Hamiltonian for zero-modes is non-zero in the pp-wave case.
Therefore, the nature of the supergravity multiplet is not simple and contains non-trivial results.
The system described by the above zero-mode Hamiltonian resembles supersymmetric harmonic oscillator, although the supercharges do not commute with the Hamiltonian † .
Here, let us study the spectrum of this system quantum mechanically. To begin, we decompose the wave function as Ψ
B ⊗ Ψ
F . We would like to study the states of the system. We have to study the energy eigenvalue problem
Let us consider below the bosonic and the fermionic sectors, separately.
To begin, we would like to consider the eigenvalue problem for the bosonic zero-mode
Hamiltonian (3.4). The condition H
B can be easily solved since the bosonic Hamiltonian describes a collection of bosonic harmonic oscillators. Now, we shall introduce annihilation operators
and creation operators
11)
These operators satisfy the following relations,
By the use of the annihilation and creation operators, the bosonic zero-mode Hamiltonian H (0) B can be rewritten as
where we note that the bosonic energy does not become zero due to the presence of the zeropoint energy. This zero-point energy plays an important role to ensure the positive definiteness of the total zero-mode Hamiltonian, as we will see in the study of the fermionic sector.
As usual treatment, we can obtain all eigenstates and eigenvalues. The wave functions are given as the products of Hermite polynomials. In particular, the ground-state wave function is given by
whose energy eigenvalue is |µ|, that is,
Thus, the bosonic zero-mode Hamiltonian has a lower bound as follows:
Next, we shall consider the fermionic zero-mode Hamiltonian (3.5). Here, we shall decompose the complex spinor λ as
By definition, λ ↑,↓ should satisfy
Now, we can rewrite the fermionic Hamiltonian as
Let us consider the zero-energy condition H 
Similarly, the following states 
Moreover, we can construct nonzero-energy states containing even number of spinors:
• a state with the energy −µ,
• 6 + 16 + 6 = 28 states with the energy −µ/2,
23)
• 6 + 16 + 6 = 28 states with the energy +µ/2,
• a state with the energy +µ,
We can also construct the fermionic sector of the supergravity multiplet as follows:
• 4 + 4 = 8 fermionic states with the energy −3µ/4,
26)
• 4 + 24 + 24 + 4 = 56 fermionic states with the energy −µ/4,
, (3.27)
• 4 + 24 + 24 + 4 = 56 fermionic states with the energy +µ/4,
, (3.28)
• 4 + 4 = 8 fermionic states with the energy +3µ/4,
The resulting spectrum is listed in Table. 1. In the pp-wave case, these states are splitting with correspond to the supergravity multiplet in the flat case by noting that such states appear in the expansion of the ground-state wave function in the flat case as
. . .. These are the coefficients in front of the plane-wave in the flat case. If we take the µ → 0 limit, then the above states with non-zero energies should have zero energies, that is, all of them should be degenerate. As a result, a 128 + 128 supergravity multiplet at the rest frame is recovered.
Also, the resulting spectrum has the symmetry under µ → −µ as noted in Ref. [8] . Moreover, the spectrum resembles that of superstring theories. That is, 1 + 28 + 35 or 8 + 56 looks like the spectrum of NS-NS, R-R or R-NS sector, although we cannot give any definite physical interpretation.
Furthermore, the fermionic Hamiltonian is not positive definite, but it is bounded as
The bosonic zero-mode Hamiltonian has a lower bound as denoted in Eq. (3.16) due to the presence of the zero-point energy |µ|. Thus, we can easily find that the total zero-mode Hamiltonian is positive definite
Thus, the zero-energy ground state of the total zero-mode Hamiltonian can be uniquely con- which satisfies
Also, we can directly see that the above ground-state wave function is supersymmetric, i.e.,
0 = 0 when the zero-modes of the dynamical supercharges are rewritten in terms of annihilation and creation operators as follows:
.
One can see that the ground-state wave function (3.31) is a singlet under the SO(3) × SO (6) as shown in Appendix A. Now, we shall recall that the algebra of kinematical supersymmetries can be represented
We can see that the above bosonic and the fermionic states form a supermultiplet under the action of the kinematical supersymmetries. When we decompose the representation of the kinematical supercharges as
lower (raise) the fermionic energy. It should be remarked that the states with different energies belong to a multiplet because the supercharges do not commute with the Hamiltonian.
The story does not end here and we have to discuss the contribution of nonzero-modes (i.e., off-diagonal elements of the matrix variables), which will be studied in the next section. § The factor i can be absorbed into the infinitesimal parameter of the kinematical supersymmetry transformation.
Nonzero-mode Ground-state Wave Function
In this section, we discuss the nonzero-mode Hamiltonian, its ground-state wave function and evaluate the L 2 -norm of the ground state.
To begin, we shall consider the abelian part of the nonzero-mode Hamiltonian. According to the similar discussion to that on the zero modes, we can easily show the following bounds:
where the lowest state of H C F is represented by
Recalling that matrix variables are restricted to the Cartan subalgebra in the IR region, we can say that the nonzero-mode Hamiltonian is positive definite in the same way as the zero-mode
Hamiltonian. Also, the associated ground-state wave function in the IR region is normalizable.
We would like to consider the ground-state wave function of the nonzero-mode Hamiltonian including the interactions of non-diagonal elements of matrix variables. For this purpose, we have to solve two differential equations QΨ = Q † Ψ = 0, but it is quite difficult to solve them fully. In particular, the bosonic degrees of freedom for the SO(6) part seem difficult to study. 2) and the lowest state of the fermionic zero-mode Hamiltonian becomes
Therefore the above truncation preserves the positive definiteness in the IR region. Now, the associated differential equations become simple forms
We can solve the differential equations (4.3) and (4.4) , and obtain a special solution for the wave function of nonzero-modes
This solution is supersymmetric and has zero energy. Moreover, we can easily see that this solution is an SO(3) × SO(6) singlet and satisfies the constraint condition (2.59). However the function Ψ B would not be square-integrable. In order to discuss the normalizability of this solution, let us set N = 2 (i.e., SU(2) matrix model) for simplicity and evaluate the L 2 -norm of the above ground-state wave function ||Ψ G || as
where the I is defined by
Here, we shall expand the f 1 part formally and evaluate the integral as follows:
This formula is obtained by calculating several terms with lower orders in the expansion by using the Mathematica. Though we have no analytical proof, we guess this formula (4.9) holds for general terms. As a result, we can evaluate the square integral of the bosonic ground-state as
That is, the normalizability condition can be at least expressed as the asymptotic series which can be approximated with any amount of accuracy in the large µ limit. In fact, the convergence radius of this series is zero and in this sense we can say that this series is an asymptotic series.
The nth partial sum of this asymptotic series does not converge as n → ∞. However when µ is sufficiently large, we can take an nth partial sum for an appropriate finite n and calculate an approximate value of I. In this sense, we can write I as
Thus the corresponding wave function is not normalizable in the usual sense.
We note that the n = 0 part corresponds to the kinematical contribution and that n = 0 parts to the dynamical contributions arising from non-diagonal elements of matrix variables.
In the IR region, the matrix variables are restricted to the Cartan subalgebra. Therefore the system can be described by the abelian part of the Hamiltonian and the ground state is squareintegrable. If we consider a situation that the system flows from the IR region to the UV one, then it might be understood that the dynamical effects coming from non-diagonal components of matrix variables are turned on and tend to spoil down the normalizability of the ground-state wave function. If we take the limit µ → ∞, then we could sufficiently neglect contributions of off-diagonal elements (dynamical effects). It is also noted that the above series tends to diverge in the flat limit µ → 0. The VEV of the Yukawa coupling term contains the term (Ψ B , XΨ B ) and hence must vanish due to the requirement of an SO(3) × SO(6) symmetry for the ground state. On the other hand, it seems quite difficult to treat the full bosonic part. In particular, the treatment of the SO(6) part seems hard to analyze. We also guess that the solution without the truncation of the fermionic variables could be obtained by setting X m , Z to zero in the full solution.
Conclusions and Discussions
We have considered the ground-state wave function of the supermembrane on the pp-wave by introducing the complex-spinor notation (Spin(7) × U(1) formalism). The superalgebra of the complex supercharges has been also calculated.
The zero-mode Hamiltonian and its ground state have been intensively studied. In particular, we have shown that the zero-mode Hamiltonian is positive definite and explicitly constructed the unique supersymmetric ground-state wave function as the product of ground states of bosonic harmonic oscillators and fermionic variables. This wave function is square-integrable.
The ground state for the zero-mode is splitting in contrast to that of the flat case, and the zeromode Hamiltonian has the string-like spectrum.
We have also investigated the nonzero-mode Hamiltonian and constructed an example of the supersymmetric ground-state wave function for the nonzero-mode with the truncation of variables in the N = 2 case. This ground state seems non-normalizable, but its L 2 -norm can be defined by an asymptotic series. This series diverges since its convergence radius is zero.
The dynamical effects coming from non-diagonal elements of matrix variables are represented as corrections with order 1/µ 3 . In the IR region, matrix variables are restricted to the abelian part, whose ground-state wave function is normalizable. We might expect that the interactions become stronger as the system flows from the IR region to the UV one. It might be considered that these dynamical contributions tend to spoil down the normalizability of the ground state, at least in our example of the ground state. It would be possible to obtain the full solution without the truncation. It would be nice to proceed the study of the nonzero-mode further.
In particular, it is an interesting future problem to obtain the full nonzero-mode ground-state wave function. If this is possible, then one can diagonalize the nonzero-mode Hamiltonian and obtain the spectrum. Such results shed light upon the spectrum of the supermembrane in the flat space. Also, the extension of our example to an arbitrary N is an interesting problem.
There exist other interesting future problems. The study of the Witten index for the ground state [25] seems very interesting since the energy of bosons is different from that of the corresponding fermions because the supercharges do not commute with the Hamiltonian. It would be also nice to consider the supermembrane on less supersymmetric backgrounds as discussed in [26] .
